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In this paper, we will discuss how in Einstein’s theory a graviton can be enforced to probe fewer
space-time dimensions in the deep ultraviolet (UV) as compared to far infrared (IR), and vice-versa.
In particular, from a D dimensional gravitational action in the IR we can project the D dimensional
graviton to probe only 2 ≤ N ≤ D − 1 dimensions in the deep UV. Such projections of a graviton
propagator can be thought of as an alternative to compactification. We will briefly explain the
physical interpretation and consequences of such a dimensional transmutation.
I. INTRODUCTION
Einstein’s general theory of relativity has very inter-
esting predictions in the infrared (IR) in 4 dimensions,
which has matched very well with the current observa-
tions [1]. In 4 dimensions, the linearised gravity can be
quantised [2], and can be described by the 2 massless
degrees of freedom. In the ultraviolet (UV), at short
distances and at small time scales, the Einstein’s theory
of gravity has challenges - the classical solutions exhibit
blackhole and cosmological type singularities, and fur-
thermore at a quantum level the theory is not UV finite.
It is believed that perhaps super string theory would ad-
dress some quantum aspects of gravity, but in higher di-
mensions [3], and there are other compelling approaches
such as loop quantum gravity [4], dynamical triangula-
tion [5], asymptotic safety [6], or non-local singularity
free gravity in 4 dimensions [7, 8].
Indeed, some of the UV aspects of gravity can be ame-
liorated if we had to lower the space-time dimensions,
such as in 3 dimensions where quantum gravity is ex-
actly solvable [9], and in 2 dimensions where the theory
possesses no dynamical scale. The graviton in 2 space-
time dimensions does not have any propagating degree of
freedom, as a result the theory becomes a true quantum
problem of nature. It is then indeed wishful to think how
our Universe would emerge from 2 space-time dimensions
to that of 4 dimensions [10].
Addressing some of these conceptual issues of gravity
also rely on dimensional reduction of space-time, which
is a phenomenon where a physical theory behaves as a
D-dimensional in a specific energy regime, whereas it be-
haves as N -dimensional in another energy regime. For
instance, in Kaluza-Klein (KK) theory [11, 12] or in
string theory, dimensional reduction denotes a situation
where a theory is higher-dimensional in the UV, but four-
dimensional in the IR, below a certain scale, sometimes
known as the compactification scale. There are also alter-
natives to compactification, such as in Randall-Sundrum
scenarios [13], where a higher-dimensional graviton wave-
function can be projected on to a brane embedded in a
higher dimensional theory.
The aim of this paper is very simple; we wish to realise
a graviton propagator which can undergo dimensional
transmutation from D space-time dimensions in the far
IR to say 2 ≤ N ≤ D − 1 space-time dimensions in the
deep UV. We will measure the UV and IR in terms of
D dimensional theory, in particular the D dimensional
momentum will determine UV and IR regimes.
Our underlying gravitational action remains the
Einstein-Hilbert action, but we wish to control the dy-
namical degrees of freedom of a graviton in such a way
that, in the UV, some or all the dynamical degrees of
freedom freeze for instance.
Typically, in any D dimensional Einstein-Hilbert ac-
tion, there are total D(D − 1)/2 degrees of freedom [14,
15], the additional D degrees of freedom in a symmetric
tensor field are gauge degrees of freedom. P(2) and P(1)
represent the sum of the transverse and traceless spin-2
and spin-1 degrees, accounting for (D2 − D − 4)/2 de-
grees of freedom, while P(0)s and P(0)w represent the spin-0
scalar multiplets. In addition to the above four spin pro-
jector operators, we have P(0)sw and P(0)ws , which mix. In
particular, we will illustrate how P(2) and P(0)s compo-
nents can be used to transmute the graviton propagation
from D to N dimensions, and vice-versa.
Emulating similar mathematical construction would
alsomimic traditional KK-reduction, i.e., fromD dimen-
sions in deep UV to lower 2 ≤ N ≤ D − 1 dimensions in
the IR. We will also highlight some of the challenges in re-
stricting the dynamical degrees of freedom of a graviton,
and end our paper on a speculative note, which would re-
quire further understanding and development of certain
concepts.
II. PROPAGATOR FOR D-DIMENSIONAL
EINSTEIN-HILBERT ACTION
As a warm-up exercise we will first highlight how to
obtain a graviton propagator in D dimensions for the
Einstein-Hilbert action 1:
SEH =
1
16piGD
∫
dDx
√−gR , (1)
1 In this paper, we are using the “mostly plus” metric signature
when we are working in Minkowski space.
2where GD is the D-dimensional Newton’s constant. One
can linearise the action around the Minkowski space-
time, with gµν = ηµν + hµν , where µ, ν = 0, . . . , D − 1,
and keep the quadratic order terms, i.e., O(h2) terms.
The O(h2) part of the action can be written as:
Sq = − 1
32piGD
∫
dDx
[
1
2
hµνh
µν − hσµ∂σ∂νhµν
+ h∂µ∂νh
µν − 1
2
hh
]
. (2)
The field equations are given by:
hµν−∂σ∂(νhσµ)+ηµν∂ρ∂σhρσ+∂µ∂νh−ηµνh = −κτµν ,
(3)
for an energy-momentum tensor τµν and κ = 16piGD.
The field equations can also be written in the form
Π−1λσµν hλσ = κτµν , (4)
where Π−1λσµν is the inverse propagator.
The inverse propagator Π−1 can be expressed in terms
of six spin projector operators, P i, i.e., see [14–16]:
Π−1 =
6∑
i=1
CiP i , (5)
where the coefficients Ci’s are, in momentum space,
scalars depending on k2. Note that the operators P i
are in fact 4-rank tensors, P iµνρσ, but here we have sup-
pressed the index notation. Out of the six operators, four
of them, P(2), P(1), P(0)s , P(0)w , form a complete set of
projector operators:
P iaPjb = δijδabP ia, P(2) + P(1) + P(0)s + P(0)w = 1 ; (6)
the spin projector operators are given by:
P(2) = 1
2
(θµρθνσ + θµσθνρ)− 1
D − 1θµνθρσ ,
P(1) = 1
2
(θµρωνσ + θµσωνρ + θνρωµσ + θνσωµρ) ,
P(0)s =
1
D − 1θµνθρσ , P
(0)
w = ωµνωρσ ,
P(0)sw =
1√
D − 1θµνωρσ , P
(0)
ws =
1√
D − 1ωµνθρσ , (7)
where
θµν = ηµν − kµkν
k2
, ωµν =
kµkν
k2
. (8)
The operators P i are 4-rank tensors, P iµνρσ, but we shall
suppress the index notation hereafter. These projector
operators now represent the D(D − 1)/2 field degrees of
freedom. As stated earlier, the additional D fields in a
symmetric tensor field are gauge degrees of freedom. P(2)
and P(1) represent the sum of the transverse and traceless
spin-2 and spin-1 degrees, accounting for (D2−D− 4)/2
field degrees of freedom 2, while P(0)s and P(0)w represent
the spin-0 scalar multiplets. In addition to the above
four spin projector operators, we have P(0)sw and P(0)ws ,
which mix the two scalar multiplets. One can also check
that the following relations are satisfied: θµρθ
ρ
ν = θµν ,
ωµρω
ρ
ν = ωµν and θµρω
ρ
ν = 0.
The transverse and traceless components of the gravi-
ton propagator in D dimensions can be recast in terms
of the spin projector operators, which involves the tensor
P(2) and only one of the scalar component P(0)s :
ΠD(k2) ∼ 1
k2
(
P(2) − 1
D − 2P
(0)
s
)
, (9)
where kµ is the D-momentum vector (k2 = −k20 + k21 +
· · ·+ k2D−1).
In D = 4, there exists a scalar component in the prop-
agator, while in D = 2, there is no scalar component
left to propagate, i.e., the P(0)s spin projector operator
completely decouples from the graviton dynamics, i.e.,
Π2(k2) ∼ P(2)/k2.
III. D DIMENSIONS IN THE IR, 2 ≤ N ≤ D − 1
DIMENSIONS IN THE UV
The question we are interested in asking is whether
there is a way to continuously deform the graviton prop-
agator from D dimensions in the IR to N dimensions
in the UV. This could be achieved in a very simple way
by modifying the spin projector operators 3 P(2) corre-
sponding to the spin-2 part, and P(0)s , which corresponds
to the s-multiplet, to
P(2)′ = B(kµ)P(2) ,
P(0)′s =
B(kµ)
A(k2D)
P(0)s , (10)
where µ = 0, 1, 2, · · · , D − 1 and
B(k2D) =
k2D
k2N + h(k
2
D)(k
2
D − k2N )
, (11)
while the other four spin projector operators stay the
same, and A(k2D) is a D-dimensional momentum depen-
dent analytic function.
2 In a transverse-traceless decomposition of the metric tensor,
there are D(D − 3)/2 spin-2 helicity states and D − 2 spin-1
helicity states; hence, the sum of the spin-2 and spin-1 degrees
of freedom is (D2−D−4)/2. When D = 2, the Einstein-Hilbert
action is purely topological and there exist no equations of mo-
tion, which is why we get −1 spin-2 polarisation for the graviton.
3 We should point out that modifying the spin projector operators
breaks general covariance; in the UV (k2D → ∞ in Euclidean
space) and IR (k2D → 0 in Euclidean space) limits, general co-
variance is restored.
3We have now the following relationship 4:[
1
B(kµ)
(
P(2)′ +A(k2D)P(0)
′
s
)
+ P(1) + P(0)w
]
µν,ρσ
=
1
2
(ηµρηνσ + ηµσηνρ) ≡ Iµν,ρσ . (12)
In addition, we will also have the relationships:
P(2)′P(2)′ = B(kµ)P(2)′ , P(1)P(1) = P(1) , (13)
P(2)′P(1) = P(1)P(2)′ = 0 , (14)
P(0)′s P(i) = P(i)P(0)
′
s = P(0)w P(i) = P(i)P(0)w = 0, (15)
P(0)′s P(0)
′
s =
B(kµ)
A(k2D)
P(0)′s , P(0)w P(0)w = P(0)w , (16)
P(0)′s P(0)w = P(0)w P(0)
′
s = 0 , (17)
P(0)ij P(0)
′
s =
B(kµ)
A(k2D)
δjsP(0)ij , P(0)ij P(0)w = δjwP(0)ij , (18)
P(0)′s P(0)ij =
B(kµ)
A(k2D)
δisP(0)ij , P(0)w P(0)ij = δiwP(0)ij , (19)
P(0)ij P(0)sw = δiwδjs
A(k2D)
B(kµ)
P(0)′s , P(0)ij P(0)ws = δisδjwP(0)w . (20)
Now, making use of the modified spin projector operators, we can write the field equations, see Eq. (3), as
6∑
i=1
CiP ih = κ
(
1
B(kµ)
P(2)′ + P(1) + A(k
2
D)
B(kµ)
P(0)′s + P(0)w
)
τ, (21)
Then, going to a momentum space, we have, for the field equations in Eq. (3),
hµν =⇒
[
1
B(kµ)
P(2)′ + P(1) + A(k
2
D)
B(kµ)
P(0)′s + P(0)w
]
h, (22)
−∂σ∂(νhσµ) =⇒ k2D
[
P(1) + 2P(0)w
]
h, (23)
ηµν∂ρ∂σh
ρσ + ∂µ∂νh =⇒ −k2
[
2P(0)w +
√
D − 1
(
P(0)sw + P(0)ws
)]
h, (24)
− ηµνh =⇒ −
[
A(k2D)
B(kµ)
(D − 1)P(0)′s + P(0)w +
√
D − 1
(
P(0)sw + P(0)ws
)]
h. (25)
By acting P(2)′ on Eq. (21), we obtain
k2DP(2)
′
h = κP(2)′τ =⇒ P(2)′h = κ
(
P(2)′
k2D
)
τ. (26)
Similarly, acting P(1) on Eq. (21), we find
(1− 1)k2DP(1)h = κP(1)τ =⇒ P(1)τ = 0. (27)
4 For the purposes of this paper, we use the notation k2D = k
µkµ =
−k20 + k
2
1 + · · ·+ k
2
D−1 and k
2
N = −k
2
0 + k
2
1 + · · ·+ k
2
N−1.
4There are no vector degrees of freedom which propagate in Einstein-Hilbert action. Hence, the vectorial part of the
stress-energy tensor vanishes identically. By acting P(0)′s and P(0)w on Eq. (21), we obtain
(1− (D − 1))k2DP(0)
′
s h+ (1− 1)k2D
B(kµ)
√
D − 1
A(k2)
P(0)sw h = κP(0)
′
s τ, (28)
(1− 1)k2D
√
D − 1P(0)wsh+ (1− 2 + 2− 1)k2DP(0)w h = κP(0)w τ. (29)
By applying the projector P(0)w on Eq. (28), the scalar multiplets decouple, yielding
(1− (D − 1))k2DP(0)
′
s h = κP(0)
′
s τ =⇒ P(0)
′
s h = κ
P(0)′s
(2 −D)k2D
τ, (30)
(1− 2 + 2− 1)k2DP(0)w h = κP(0)w τ =⇒ P(0)w h = κ
P(0)w
(1− 2 + 2− 1)k2D
τ. (31)
The denominator corresponding to the P(0)w spin projector vanishes so that there is no w-multiplet. Hence, the
propagator retains the form
Π(kµ) ∼ 1
k2D
(
P(2)′ − 1
D − 2P
(0)′
s
)
∼ 1
k2N + h(k
2
D)(k
2
D − k2N )
(
P(2) − 1
(D − 2)A(k2D)
P(0)s
)
. (32)
where
A(k2D) =
D −N
D − 2 g(k
2
D) +
N − 2
D − 2 (33)
is an entire function with no zeroes and h(k2D) is, again,
an entire function with no zeroes. Let us remind our-
selves that Eq. (32) is written in Minkowski spacetime
(“mostly plus” metric signature). If we analytically con-
tinue Eq. (32) to Euclidean space, it will have the same
form (k2 → k2E and we drop the subscript E hereafter).
Working now in Euclidean space for the rest of Sec-
tion III, we want the following limits to hold:
h(k2D)→ 1, for k2D → 0 ,
h(k2D)→ 0, for k2D →∞ . (34)
For the purpose of illustration, we may assume 5:
g(k2D) ∼ h(k2D) = e−k
2
D/M
2
. (35)
In the UV, we see that A(k2D) → N−2D−2 and, in the IR,
A(k2D) → 1. We will discuss the importance of the new
scale M below.
This is in a way a filtering mechanism, which allows the
graviton to probe less dimensions in the UV, beyond the
scale M , for k2D → ∞, without modifying the Einstein-
Hilbert gravitational action. In principle, this could be
viewed as a novel dynamical mechanism to effectively for-
bid the graviton to see all the space-time dimensions in
the deep UV.
5 We may also assume infinitely differentiable entire functions with
rapid decay for g, h, see [17].
Regarding the expression k2N+h(k
2
D)(k
2−k2N ) appear-
ing in Eq. (32), as k2D →∞, the aforementioned expres-
sion tends to k2N , whereas, when k
2
D → 0, in the IR limit
we recover all the D dimensions in a graviton propagator.
Our analysis clearly shows that the projectors P(2) and
P(0)s can be now deformed continuously. So far we have
discussed in extreme limits, we will discuss what happens
when the momentum modes k2D ∼M2, later on.
A. From 4→ 2 (IR → UV) dimensions
As an illustrative example, let us examine a current
scenario where the graviton is propagating in 4 space-
time dimensions (in subsection IIIA, we are, again, work-
ing in Euclidean space). However, as we go higher in en-
ergies, i.e., as the 4-dimensional k24 → ∞, instead of 3
spatial dimensions, we may enforce the graviton to probe
only 1 spatial dimension.
In the case where D = 4 and N = 2, we obtain the
physical graviton propagator in the IR while, in the UV,
the P0s multiplet decouples, yielding the two-dimensional
propagator. In the deep UV, the graviton effectively
probes the 2 space-time dimensions, while, in the far IR,
the graviton sees the full space-time.
The interpretation of the new scaleM is very similar to
the KK compactification scale and could be of the order
of Mp. In fact, the dimensionless ratio
α ∼ M
2
p
M2
, (36)
where M2p = 1/(8piG4), will govern the dimensionless
gravitational constant in 2 space-time dimensions (γab
is the metric in 2 dimensions and R(2) is the two-
5dimensional Ricci scalar),
S = α
∫
M
d2ξ
√−γ R(2)(γ) , (37)
which is the classical reparameterisation-invariant
Einstein-Hilbert action in 2 dimensions.
IV. FROM D → N (UV → IR )
Now, let us mimic the traditional KK reduction, where
our starting point is D dimensional gravitational action
which reduces to 1 ≤ N ≤ D − 1 dimensions upon com-
pactifying extra dimensions at a compactification scale,
say M . However, now, we will enforce the graviton to
probe fewer dimensions in the IR as compare to the UV.
Emulating the prescription outlined above (in Sec-
tion IV, we are working in Euclidean space), if we again
assume A(k2D) is an entire function with no zeroes given
by Eq. (33) and h(k2D) is, again, an entire function with
no zeroes.
However, now we may assume instead of Eq. (34):
h(k2D)→ 0 for k2D → 0 ,
h(k2D)→ 1 for k2D →∞ . (38)
Instead of Eq. (35), one may assume the following form:
g(k2D) ∼ h(k2D) = 1− e−k
2
D/M
2
. (39)
Then the same graviton propagator in Eq. (32) can be
recast in the form
Π(kµ) ∼
(
P(2) − 1
(D − 2)A(k2D)
P(0)s
)
× 1
k2N + h(k
2
D)(k
2
D − k2N )
, (40)
where we see that, in the IR, A(k2D)→ N−2D−2 . Therefore in
the IR limit the graviton propagator probes the reduced
N space-time dimensions. On the other hand, in the
deep UV, A(k2D) → 1, the graviton propagator probes
the original D dimensions. Similar steps are followed for
the denominator of Eq. (40).
Now, there is a huge contrast between traditional KK-
reduction and the prescription we have provided here.
In the KK reduction, from higher dimensions in UV to
lower dimensions in IR, there appear extra states which
are known as the KK states. Furthermore, the dimen-
sional reduction does not lead to the Einstein-gravity in
the lower dimensions, the overall volume of the extra di-
mensions appear as a scalar mode, known as a dilaton.
This gives rise to a scalar-tensor theory, which becomes
equivalent to an F (R) gravitational theory at a classical
level, rather than just the Einstein-Hilbert action 6.
6 In principle, one can recast the propagator of a graviton sector
The crucial difference between our approach and KK
theories is that the KK modes indicate physical states in
lower dimensions, or in IR, which correspond to massive
particles, while in our approach, we obtain complex poles,
whose origin will be provided below.
V. INTERPRETATION OF COMPLEX POLES
Let us now analyse our scenario by asking how the
graviton can be projected to probe certain degrees of free-
dom in a fixed D dimensional space-time. This can be
understood by analysing the poles in the graviton propa-
gator appearing at the intermediate energies of k2D in the
Minkowski space rather than Euclidean space.
• From D → N (UV → IR ):
Suppose we wish to find the poles of a graviton
propagator which is D-dimensional in the UV and
N -dimensional in the IR. This is the case very
similar to KK-reduction, we will be reverting to
Minkowski space so that we can investigate the na-
ture of the poles of the propagator. Then, by in-
specting the denominator of Eq. (40), we have
k2N + (1− e−k
2
D/M
2
)(k2D − k2N ) = 0 , (41)
which yields
k20 = k
2
1+ · · ·+k2D−1−M2W
(
k2D − k2N
M2
)
, (42)
where W (z) is the Lambert W -function and w =
W (z) is the solution to wew = z. The Lambert W -
function is a multivalued function [18], as log(z) is.
Since the spatial components of kµD and k
µ
N have
to be real, k2D − k2N is a non-negative real number.
Hence, the argument of the LambertW -function in
Eq. (42) is also a non-negative real number, mean-
ing that we get infinitely many solutions, most of
which are complex. These complex solutions have
negative real part, meaning that we can write the
complex solutions in the form k2D = R+ iS, where
R is negative. Hence, for the complex solutions,
Re(k2D) = R < 0, indicating that the complex solu-
tions are non-tachyonic from a higher-dimensional
point of view (UV point of view); if they were to
be tachyonic, we should have R > 0.
• From N → D (UV → IR ):
including the KK modes (D → N dimensions from UV to IR) as
ΠKK ∼ ΠEH +
∑
~n
2P(2)
k2+m2
~n
, where we have used the transversal
projectors, see Eq. (8), in the definition of P(2) on shell, i.e.,
θµν = ηµν −
kµkν
k2
→ ηµν +
kµkν
m2
~n
≡ P~nµν .
6Now, suppose we have the converse situation,
and we wish to find the poles for the graviton
propagator, again we are working in Minkowski
space, which is N -dimensional in the UV and D-
dimensional in the IR. Then by inspecting the de-
nominator of Eq. (32), we obtain:
k2N + e
−k2D/M
2
(k2D − k2N ) = 0 , (43)
which gives rise to
k20 = k
2
1 + · · ·+ k2N−1
−M2W
(
− (k
2
D − k2N )e−(k
2
D−k
2
N )/M
2
M2
)
; (44)
again we have infinitely many solutions, most of
which are complex, since the argument of the Lam-
bert W -function in Eq. (44) is a non-positive real
number (which follows from the fact that k2D − k2N
is a non-negative real number). Again, these com-
plex solutions have negative real part, meaning that
we can write these complex solutions in the form
k2N = R + iS, where R is negative. Hence, for
these complex solutions, Re(k2N ) = R < 0, indicat-
ing that the complex solutions are non-tachyonic
from a lower-dimensional point of view (UV point
of view). Analysing the complex poles from a D-
dimensional point of view is technically hard in this
case.
Interestingly, these complex poles appear in this pre-
scription only at intermediate energies. The theory in
the deep UV (in Euclidean space, k2D → ∞) and in the
far IR (in Euclidean space, k2D → 0) has well-defined
real massless graviton states, probing either D or N di-
mensions depending on the scenarios we are discussing.
One speculative interpretation would be that, at interme-
diate energies, the infinitely many complex poles would
correspond to non-tachyonic unstable massive particles
that decay to the two limiting cases, i.e., to the massless
graviton states in the IR and the UV. Indeed, this is an
intriguing feature of projecting the graviton on certain
spatial dimensions. However, a clear physical interpreta-
tion in this context requires further investigation.
VI. DISCUSSION AND CONCLUSION
The consequences of our analysis is indeed very inter-
esting. Starting from D dimensions in the UV, we could
make the graviton propagator behave as N -dimensional
in the IR and vice versa. As an example, in the UV for
k24 → ∞, we could obtain the graviton propagator to
mimic 3- or 2-dimensional gravity, alike. In either cases,
the theory of gravity indeed simplifies and perhaps avoids
some of the thorny issues of gravity, which plague it in 4
dimensions. Nature, fundamentally could survive in 2 or
3 dimensions in the UV, while in the IR bringing a new
gravitational scale, 4-dimensional Mp.
Before we conclude, we wish to discuss some new av-
enues; so far, we have shown that the graviton prop-
agating structure could be deformed continuously from
4→ 2 dimensions by entire functions g(k24) or h(k24) (or,
more generally, from D → N dimensions). Of course,
this analysis does not shed light on the precise form, in
full generality, of these entire functions. Hopefully, there
could be a novel way to determine the form of these func-
tions by studying the cosmological implications - which
would lead to an emergence of gravity from lower dimen-
sions to higher dimensions, as postulated by many, see
the review [5], and references therein.
To summarise, we have shown that it is indeed pos-
sible to deform continuously the graviton propagator in
the UV such that the graviton effectively sees the lower
dimensions, by modifying the spin-2 and spin-0 projec-
tion operators deep within the UV, i.e., k2D → ∞. The
ramifications of this continuous deformation of graviton
propagator also leads to the appearance of complex poles.
One could speculate that these complex poles correspond
to unstable decaying massive states; however, this con-
jecture requires further investigation.
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